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Recall Ao malycis  That ACIR™ is culled Lmpadk if
A is (oed aund bounded (usfg Twe Guyclideon Wu.‘rvfo)_

In  Fadk, tmis ddinition aqfrees w/ e h:polel'ca( definihion:

Thm* A ¢ rRaw is wimpad it and o'wl'-} it (t's  closed ovwd

it's bouwnded in Me euclidean methric d.

7_3_]0; ¢ A C_RK i (,ow:potd‘l TMen ity Closed simce [R'K §
Hausdov 2.

Cover A by opum halls {BV(OWH{Z';%- Then Tuere 15 some finite

Su.loCoVLY, So Tare is Somme sk A < By(()) = A i boundad.

Now assume A is closed ond boundad.  Sinw it's bounded, it's
Covtained fn  Soma B,(0) € (-~ "j:whfob\ IS Compadt.

So it's o< closed Subspace o0& a  compact Space ond. S
Tus  wwpact. O

s Tmeorem d._.:eﬂq&s on e wmadvie | not dms-} e ‘fbraoluj% induted
b\a e mebvic. e 3 natvic P o R™ twe t+ mdices The

stond ard fbpolo\jvj, but not all closed, P- bounded sets ave  towa pad.
(62.2, 'H\/\l)

Calculus otmerulizaions



We cann Ymevalize  two Ioig Fesults from caleu lus wsim,g compact
Spates rather Twan clokd intervals

The extreme value theovern oo Ty umifovim umh’nu\'{-y T oven.

Tam: (Extreme Vqlwe'howw,w) X is & wmpout space  omnd
f: X = R wnhnuous, T § achieves its  maximume . -2

3 ceX b £V < £() WV xe X.

:P_{_'i 3t(.x.) CIR « wIMpa_d', so it & bounded ol wWntaing  Tis
imit  points.  Thus  m=sup F(X) <o,

Thus VL>OJ CVV\-‘Z,_)M{-S.) N 'f'(X) ‘#¢_'T\au.s mef(x) o
m s o limit point ok F(X), inwhich tage meF(X) as

well, £ <.
—— -

S

Ovr
m m

S
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Thus 3 tome ¢ € X st F(D=m. D

{

Reeall ™Mo umitorm tntinuity Torunm Hova calwylus:
| £ __F:[cx, lo]—’R is Loh'HV’LMOLA.), Than *+ s Wifbrml%

continuou g (\1 €>06 3 £>0 sk if |x-yq[< 8 tum Iaﬂ(lx%}(a){%)

To prove e wuiform u.mﬁwuiha Theoremm wiore WI%J we st
need o few definhions.

Def: (1 (X,o\\ is & mefric space awmd ASK WUV\WP#?



1) 14 xeX Twe distce fom 2 to A is defined
O‘CX,A\= fn#{a‘('x,a))aelos

ZT) I+ A s boumop{d, Twe diommeter of A i<

Sup Zo\(auagl a,,Qa, GA.S

EXercige : cluck d(X,A) i5 o continuous fumction on X (Bov ixed. AB

Lmma: et A be om opam  Wler o Twa Mmetric  spate (X,O\)
£ X is LUW\pa.d‘ 3 §>0 sk Y Sulbsets ‘aavivtﬂ diameter

less  am § Mmure is am  element of A wvﬂ‘ai'f\fwj it. § is called
o b-l.sguu_ huw bevr for LA

Pp Choose a finite  subcover LA, AS € A.
Debime X =R by F()=£ T dlx X\A).

(=1

fis a \in. wmbination 52 wndinuous Auchions amd 15 Mus

conbtinu oug

S each Ar s opim, it xehAr, Tuve is some w30 st. BL(*)QA.'
Tss, 4 (nXVA)> 2, % F()>0 ¥ =



Sine X s mpad) t adhieves ity minimum - o tarve s Soma

£s0 & +()>d ¥ aeX.

’l'\'lms, for cach A e is  some Ai st A(Y)X\AAE&
T\MS 8 i owir L(\OLS%ML e v

$"‘Pp0$<. B hes diameter <& Twn ¢ 'xoéB) x, € B QBJ,(?QQA‘.J

Sovmae A,‘. 0

Now we camy prove Twe  umiform vt inuity Tweoven, , afte- de'iVlf’\\j
OUr dmuglized wolion of umiform continuity :

124;1[.2 L (X; 30 ol (\{, AY\ are Wtric spaces, Tun & fumction
£ X =Y i watformly ~ tonfinuows £V €>0, 3§ st
Voo, me X, d, (%0,x)< 82 420, F0) )< e,

M™TMm: (U»Vn'fov-m (.DV\,‘HM.U[”—(\_) 'l"/\.colf‘-bw) | £ X oww\Y Qe
metric spau,g))( ww\pqd-’ T vaa CW'HVLMOIAS fun chiom

F: X =Y s WV\.l"FOW\n(la LowHnuous.

PL Take 23>0 Take T opom wuering of ¥ by balls of
¢
radiug /z

Lt A be Tue opem ww.va\j £ X Lw?r he imvtirge images ot
Twese  balls,



wt 4 he a Lzb&gam&. wumber for \A
£ x,x €X st of(vcu'x,_»<5’2 Twen 'h/u—\a botwh lie in some ot

of LA) o -5:(7‘)) ‘F(,"‘z) ave w Some

E/?_ - ball \'bje‘Hn.w) (o
d(s(n) #(x)) <& D

Limit Porvt amd sequential _comp activsg

So for we have two debivihiong o€ Low pattiness:

O (muo| ving opim Sefs, oar d'us’r v subsete o R (b(oscd omd LA«J)_
We'll introduce two move .

Bef: A Spa X is limit point compact it evewy nfinite  Subset o
X hag o limit f’ofh)f-

g_‘ 'j> (O,[l is not  linak point towpact {—::;/Vte/zgs hag no limit
PoZV\‘f'S.

2.) ‘S/'/WIN'E*EU \Sf% is  imit point ompadt  every infinite
eubset hags 0 as o it poim"'.

3)) R i not  limi point wwmpalt - V4 hos no  livt ’oo\'v\"’s.

For a 2”""”"“( fbrv[ogica( (pacs, [im (+ poivt  Lompadness > wmpadgs

nc-Z%

@(_1 Give T Twe hpbluaa Waf‘&d }7\1, e becsis {{n,-n}
med $0%5. Call  tnie Sp-ce X.




Almq_ nfinite ser wwtaing  Somu ke 7 , Seo isa limit  point.

Thug X is Wk point o pact.

How:.vu' Mo bacic is o wva W ho finte fub cover 1o X iz not

Cow pa,{;fj

The tonvarce holds ive Al gemar-ality:

Theovem Cavnpa,d-mgs = limit+ Pou’mi‘ (,uwpud’mLSS.

:P_'Fj Let- X he C.Q'\N\PM'I‘. %\A\epoy_, X it hot limi FOfVl\' o pact.

Then e iy SYvme A C X infimite W[ Iho \lW\li‘ P6'\|/\.+.

Thus A v«c,uowlta, wntaing all its limit points = A is closed.
For each el , we m find a (/\LiO/le'brlllood Uk 3a g k.
Ui VA -fa3 T Twe Un  ond X-A give om ope,

over ok X wf me finibe wubcoer S A ds infinite

whith  owheadids the c,uw\]oauf’lmz.s; A X. O
For muhric Spa.a,s,hfve,sz. two ‘fbpeg oA cmpa,d'mss ave The Sawme |
whith we  will see soon. n fact theve is one more 'ha}w. of

wwn p ot earuivt?\[wi- o Mem kot i Metne wares:

Def: X is Sia:u(_v\ﬁa“»l (,ow,?a,(,f i+ vy Sequum e ot POI'W“S

oA X hey &Cthufaxm-l— S«Iojecluumu_.



Ei: -1, 1, -1, ,J__IJ . hag LUl .. as a t-ch-e.v-g,uA- Wbc-cqf.

1 3_,2’,‘)‘—\).__ hos o tomU. Subsequum ce.
T

L 4
J z') )3)
T 7

—_—

Ex: ',Z.) 3, - has no umu-u,-?w-l- ‘o’b\bkﬂmu{ in R, So R i$ hot
SU'lumHalLla L(W\APQC,‘i'

&
lv\_ Wq{/ Se,q(,u,w(-im( LUVMFM{'msg #) UJVVTPQ_L{-MSS_, Hovw_w.v._,

Thm: |¢ CX,A\ is & metvic spaw, W induad wmetric h)poloa«j, e
Twe ‘Fo(lowf(\j Qle Qquiua(wf':

L) X IS MMPG\_L+

2>X Is  liwmnt ben‘f‘ UJWlPa.(;('

%') X s scquwh'qﬂd- ¢ om pactt.
For Twe prwot we need twe (lullowfvsd.'

Lemma: X $eq. tmpeedt mebvie spases A am opan e of X,

T LA (’“"—S a LZ—b&S—%ML VLM,leCh

fi‘- et LA be am opm  over, SMPPOS—(, it Wos ho Lbbe.s%u{
mber, eV § >0J 3 CJ‘ W[ diapm. <cf) hot in any elt ot
A.



FDV eeceln \/\6'72_,_’ PI'L,l:. ’Xhe C'/v\.‘

Thre is  sovan c.cmuelrg,wd" Su[os:c,c’. A, X L. a,

to ‘e

a e A)gu'\/vu_ Aeu«i) So ou.e-Be('Ov)QA) Sovme  €30.

Choose  k >0 st o\(fxck )&3 < 8/?, ovwd L < %

Cig (dl'am < l/\.-)

But D Cckg A ) & comtradiotion. D

PL o Duoremn: ) = 2) : dowe.

2)3} 3~>'— SMPPO;,Q_ X is  livmrt Poim{' Cb\mpa.c(-.

Consgiderv oo su1umu_ AL PR | € {'m)'xz),__.g is @l‘v\H-cJ
M I3 x =%, fov ih%{mih(xa h«ma w, which s fvug amvufg,wd‘

%\nbseqmu.

|+ g/'x')'xz) -.-E ig iV\‘P'l'V\).“‘{, it has a Limit point o

We com  find Ao, © B‘(“) T oy (>0, choose

T D% sk Ky By (=) T

v L=

7‘».,_).-- 5 o Sul)seti/,

2

Tmat  on Vergeg +o o



M: ASSMW X is sw‘mh‘alla w‘mpou/{'.

u;l' (A be oam optm~  COVer o XJ W/ Lzb-&SaMe_ V'—M-m}-"—u' ap (lmo Ln,Van)

Dok 8=Jk5_ Claim: tare is o fFuite cov— 04 X be £-balk

$m‘opos& Twere's ot .

LE|
Sb+ x, G-XJ ool ﬁ)y h.>]) 7(,\_6 X\g Bi('x(\. —n/u/m I‘DVJ, S{_qm‘hq]
Wmpachuess  sone wlowfu.w.(,{ Lnyirges, But Twisis impossible,

no  two Pofn+s alre W/fw 3 of ewch ot

Sine

W“S; we cam take o finite  over b\a ‘Z’laaus, which have dianate,~

zg<JJ So  each ot iy wntained M m elomont o kA

We %’d_ o finite yubcover of A be \r-zp[aol'nj 2ol
tball w/ fwe elb ot A twat wntaine w! O



