
 
compact.nessih.me ricspaes

Recall from analysis that A EIR is called cemepaut if
A is closed and bounded using the Euclidean metric

In fact this definition agrees w the topological definition

Thmi A E IR is compact it and only if it's closed and

it's bounded in the euclidean metric d

PI If A ER is compact then it's closed since IR is
Hausdorff

over A by open balls BIO ret Then there is some finite
Subcover so there is some ns.t A E BrO A is bounded

Now assume A isclosed and bounded Since it's bounded it's
n

contained in some Br O EC t r which is compact
So it's a closed subspace of a compact space and is

thus compact D

This theorem depends of themetric not just thetopology induced
by the metric i e F metric p on IR that induces the
standard topology but not all closed p boundedsets are compact
seeHw

Calculusgeneralizations



We can generalize two big resultsfrom calculus using compact
spaces rather than closed intervals

The extreme valuetheorem and the uniform continuitytheorem

Thin Extremevaluetheorem tf X is a compact space and
f X IR continuous then f achieves its maximum i e

F ccX set f x E f c V xc X

PI f x C IR is compact so it is bounded and contains its
limit points Thus m sup f X sa

ThusVE 0 M E mi E n f x 4 Thus me f x or

m is a limit pointof f X in which case meffX as

well E e

4mF or

Thus 7 some c c X sit f c m D

Recall the uniform continuity theorem from calculus

I f f a b IR is continuous then it is uniformly
continuous cue oar o't if

him graygt
N

To provethe uniform continuity theorem we first

need a few definitions

De It X d is a metric space and AEK nonempty



1 If xeX the dice from x to A is defined

d x A int d x a lac A

d x A A

2 If A is bounded the Iter of A is

sup d ai.az a azc A

Exercise check d x A is a continuousfunction on X for fixedA

let it be an open cover of the metric space Ad
If X is compact 7 of 0 Sit V subsets havingdiameter
less than 8 there is an element of A containing it 8 is called
a Gere Lumber for it

Pf Choose a finite subcover A An E it

Define f X IR by f x I d x XIAi

f is a tin combination of continuous functions and is thus
continuous

Since each Ai is open if x cAi there is some e o st BobEAi
Thus d x XIAi E so f x O V x



Since X is compact it achieves its minimum so there is some
or o s.t f x 28 V xcX

Thus for each there is some Ai s t d x XIAi 2

This 8 is our Lebesgue number

Suppose B hasdiameter 8 Then if x c B Xo C B EBoho cAi
some Ai D

Now we can prove the uniform continuity theorem after defining
our generalized notion of uniformcontinuity

Def If X dx and Y dy are metric spaces then a function
f X Y is uniformly continuous if f E O F I s t

V exo X EX d Xo I dy f xo fox CE

Thmi Uniformcontinuity theorem If X andY are

metric spaces X compact then any continuous function
f X Y is uniformly continuous

PI Take E 0 Take the open covering of Y by balls of
radius

Let it be theopen covering of X by the inverse images of
these balls



let d be a Lebesgue number for it

If x xz EX s't d x x s8 then they both lie in some elf

of it so f x f x are in some ball together so
d f x f xd E D

LimitPointandsequentialcompacth

Sofar we have twodefinitions of compactness
One involving opensets one just for subsets of IR closed andbded
We'll introduce twomore

De A space X is limitpointcomp.at it every infinite subset of
X has a limit point

E D O l is not limit point compact I next hasno limit
points

2 Yul he 730 o is limit point compact every infinite
subset has 0 as a limit point

3 R is not limit pointcompact 7 has no limit points

For a general topological space limit point compactness compactness

EE Give 7 the topology generated by the basis n he 1h42

and 03 Call this space X



Any infinite set contains some ne R so h is a limit point
Thus X is limit point compact
However The basis is a cover w no finite subcover so X is not
compact

Theconverse holds in full generality

theorem Compactness limit point compactness

PI let X be compact Suppose X is not limit point compact

Then there is some A EX infinite w no limit point

Thus A vacuouslycontains all its limit points A is closed

For each ac A we can find a neighborhood Uaa a s t

Uan A a Then the Ua and X A give an open

cover of X w no finite subcover since A is infinite
which contradicts the compactness of X D

For metric spacesthesetwo types of compactness are the same
which we will see soon In fact there is one more type of
compactness equivalent to them both for metric spaces

De X is e pact if every sequence of points
of X has a convergent subsequence



Ex I I I I I has 1,1 I as a convergent subseq

I I I 2 T 34,4 has a cow Subsequence
9 9 9 9

Exe 1,2 3 has no convergent subsequence in R so R is not

sequentially compact

In general sequential compactness compactness However

Them If X d is a metric space w inducedmetrictopology then
the following are equivalent

1 X is compact

2 X is limit point compact

3 X is sequentiallycompact

For the proof we need the following

Lemmy X seq compactmetricspace d an open cover of X
then it has a Lebesgue number

PI let it be an open cover Suppose it has no Lebesgue

number i e V d O F Cg w diam L d not in any ett of
A



For each n c B pick Xu c Yu

There is some convergent subseg Xii Xia a

a c A some Aed so a c Be a EA some e o

Choose Rs 0 It d xi a s and its 42

i c
Cir diam Yin

But then CinEA a contradiction D

Pfotthe overn done

2 suppose X is limit point compact

Consider a sequence Xz If Xi Nz isfinite
thin 7 x Xu for infinitely many n which is thus a convergent
subsequence

If Xz is infinite it has a limit point a

We can find Xn e B a Then for i 1 choose

ni Thi s t Xni cBy a Thin Xu Xnz is a subseq
That converges to a



i.i

3 l Assume X is sequentially compact

let it be an open cover of X w Lebesguenumber d bylemma

Set E Claim there is a finite cover of X be E balls

Suppose there's not

n I
Set c X and for n I Xue X Be xi Then by sequential
compactness some subsequence converges But this is impossible
since no two points are w in E of eachother

Thus we can take a finite cover by E balls whichhave diameter
s d so each one is contained in an element of it

We then get a finite subcover of it be replacing each
E ball w the ett of A that contains it D


